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Thawing quintessence from the inflationary epoch to today
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Using the latest observational data we obtain a lower bound on the initial value of the quintessence
field in thawing quintessence models of dark energy. For potentials of the form V (φ) ∼ φ±2 we
find that the initial value |φi| > 7 × 10
18 GeV. We then relate φi to the duration of inflation by
assuming that the initial value of the quintessence field is determined by quantum fluctuations of
the quintessence field during inflation. From the lower bound on φi we obtain a lower bound on the
number of e-foldings of inflation, namely, N > 2× 1011. We obtain similar bounds for other power
law potentials for which too we obtain |φi| > O(MP ).
PACS numbers: 95.36.+x,98.80.Cq
I. INTRODUCTION
Cosmological observations [1–3] of the past one and
a half decades indicate that the Universe is undergoing
accelerated expansion. Although a non-zero cosmologi-
cal constant can explain the current acceleration of the
Universe, one still has to explain why it is so small and
why only at recent times it has started to dominate the
energy density of the Universe [4]. These issues have mo-
tivated the exploration of alternative theories to explain
the late time acceleration as due to a source of energy
referred to as dark energy [5, 6]. A quintessence model is
one amongst such theories where the dark energy arises
from a scalar field φ rolling slowly down a potential.
The equation of state parameter w can be defined as
the ratio of the pressure to the energy density
w = p/ρ. (1)
A cosmological constant is equivalent to w = −1 whereas
a quintessence field generates a time dependent equation
of state w(t) > −1. Caldwell and Linder [7] showed that
the quintessence models in which the scalar field rolls
down its potential towards a minimum can be classified
into two categories, namely freezing and thawing mod-
els, with quite different behavior. In thawing models at
early times the field gets locked at a value away from the
minimum of the potential due to large Hubble damping.
At late times when Hubble damping diminishes, the field
starts to roll down towards the minimum. These models
have a value of w which begins near −1 and gradually
increases with time. In freezing models the field rolls to-
wards its potential minimum initially and slows down at
late times as it comes to dominate the Universe. These
models have a value of w which decreases with time. In
both cases w ≈ −1 around the present epoch. Thawing
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models with a nearly flat potential provide a natural way
to produce a value of w that stays close to, but not ex-
actly equal to −1. The field begins with w ≈ −1 at high
redshifts, and w increases only slightly by low redshifts.
These models depend on initial field values (in contrast
with freezing models of quintessence which depend on the
shape of the potential).
In the present work we evaluate the cosmological con-
sequences of the evolving quintessence field in the context
of thawing models by considering various observational
datasets and obtain plausible initial values of the scalar
field φi . A lower bound on the the allowed values of φi
has been previously obtained in Ref. [8]. Our current
numerical analysis provides stronger constraints on φi.
We further relate the initial value to quantum fluctua-
tions of φ during inflation and thereby to the duration of
inflation. The lower bound on φi then provides a lower
bound on the number of e-foldings of inflation in our sce-
nario where the initial value of the quintessence field is
determined by quantum fluctuations of the field during
inflation. Our work in this article is organised as follows.
In section II we describe the thawing quintessence model
in the standard minimal framework. In section III we
provide a detailed description of the datasets used to ob-
tain the observational constraints on the parameters of
the model. In section IV we use the results obtained in
our investigation to obtain a lower bound on the initial
value of φ. We then discuss the generation of the initial
value by quantum fluctuations during inflation and use
the lower bound on φi to obtain a lower bound on the
number of e-foldings of inflation, N . We end with our
conclusions in section V.
II. THE THAWING QUINTESSENCE
SCENARIO
We will assume that the dark energy is provided by
a minimally coupled scalar field φ with the equation of
2motion for the homogeneous component given by
φ¨+ 3Hφ˙+
dV
dφ
= 0 , (2)
where the Hubble parameter H is given by
H =
(
a˙
a
)
=
√
ρ/3M2P . (3)
Here a(t) is the scale factor, ρ is the total density, and
MP = (8piG)
−1/2 = 2.4×1018GeV is the reduced Planck
mass. Eq. (2) indicates that while the field rolls downhill
in the potential V (φ), its motion is damped by a term
proportional to H . The pressure and density of the scalar
field are given by
p =
φ˙2
2
− V (φ) (4)
and
ρ =
φ˙2
2
+ V (φ) (5)
respectively, and the equation of state parameter w is
given by Eq. (1). At late times, the Universe is domi-
nated by dark energy due to φ, and non-relativistic mat-
ter. 1 We assume a flat Universe so that Ωφ+Ωm+Ωr =
1. Then Eqs. (2) and (3) can be rewritten in terms of
the variables x, y, and λ defined by
x ≡ φ′/(MP
√
6) , (6)
y ≡
√
V (φ)/(3H2M2P ) , (7)
λ ≡ −MP
V
dV
dφ
, (8)
where the prime denotes the derivative with respect to
ln a; e.g., φ′ ≡ a(dφ/da). x2 gives the contribution of the
kinetic energy of the scalar field to Ωφ, and y
2 gives the
contribution of the potential energy, so that
Ωφ = x
2 + y2 , (9)
while the equation of state is rewritten as
γ ≡ 1 + w = 2x
2
x2 + y2
. (10)
It is convenient to work in terms of γ, since we are inter-
ested in models for which w is near −1, so γ is near zero.
1 In our numerical analysis we will go back in time till decoupling.
At that epoch the energy density in radiation will be more than
that in φ. The radiation component Ωr is included in our nu-
merical analysis.
Eqs. (2) and (3), in a Universe containing only matter
and a scalar field, become [9]
x′ = −3x+ λ
√
3
2
y2 +
3
2
x[1 + x2 − y2] , (11)
y′ = −λ
√
3
2
xy +
3
2
y[1 + x2 − y2] , (12)
λ′ = −
√
6λ2(Γ− 1)x , (13)
where
Γ ≡ V d
2V
dφ2
/
(
dV
dφ
)2
. (14)
We numerically solve the system of Eqs. (11) - (13),
initially for V ∼ φ±2, from an initial time ti at decoupling
till t0 today. We choose γi ∼ 0, and for different values
of λi and Ωm0 we obtain x, y and λ as functions of a.
2
The information about the potential is encoded in the
parameter Γ given above. We use our solutions for x and
y, and the relation a−1 = 1 + z (with a0 = 1), to obtain
the normalized Hubble parameter
H2(z, λi,Ωm0) ≡ H
2(z, λi,Ωm0)
H20
=
8piG
3H20
(
ρm0(1 + z)
3 + ρr0(1 + z)
4 + ρφ(z, λi,Ωm0)
)
= Ωm0(1 + z)
3 +Ωr0(1 + z)
4 +Ωφ(z, , λi,Ωm0)H2
=
Ωm0(1 + z)
3 +Ωr0(1 + z)
4
(1 − Ωφ(z, λi,Ωm0)) , (15)
where Ωφ is given by Eq. (9).
We then utilise this expression of the Hubble parame-
ter to calculate the luminosity distance and angular di-
ameter distance and relate them and H to the observa-
tions of type Ia supernovae (SN) data [10], the baryon
acoustic oscillations (BAO) data [11], the cosmic mi-
crowave background (CMB) shift parameter [12] and the
observational Hubble parameter (HUB) data [13] and
constrain the parameter space for each model defined by
the values of λi and Ωm0. The allowed values of λi from
our numerical analysis give constraints on φi, the value
of φ at decoupling. We then extend our analysis to study
other power law potentials, V = Aφn. Thereafter, based
on our arguments below, we set φi ∼ φI , where φI is the
value of φ at the end of inflation. We then study the
conditions on inflation to obtain φI .
2 Our code solves Eqs. (11)-(13) for initial values xi, yi and λi,
where xi and yi are derived using Eqs. (9) and (10) from initial
values γi and Ωφi. We choose a small value of γi ∼ 10
−9 and do
not vary it for our analysis. For a certain λi, we choose a value
of Ωm0 and then vary Ωφi till we get a solution that satisfies
Ωφ0 = 1 − Ωm0 − Ωr0. We identify this solution for x, y and λ
as relevant for the chosen values of λi and Ωm0 (having swapped
the variable Ωφi with Ωm0). This process is repeated for different
values of λi and Ωm0. We also set Ωr0 = 9.22×10−5 from Planck
[12].
3III. OBSERVATIONAL DATASETS
We use the χ2 analysis to constrain the parameters of
our assumed parameterization. We will use the maxi-
mum likelihood method and obtain the total likelihood
function for the parameters λi and Ωm0 in a model as
the product of independent likelihood functions for each
of the datasets being used. The total likelihood function
is defined as
Ltot(λi,Ωm0) ≡ e−
χ2tot(λi,Ωm0)
2 , (16)
where
χ2tot = χ
2
SN + χ
2
BAO + χ
2
CMB + χ
2
HUB (17)
is associated with the four datasets mentioned above.
The best fit value of parameters is obtained by minimis-
ing χ2 with respect to λi and Ωm0. In a two dimensional
parametric space, the likelihood contours in 1σ and 2σ
confidence region are given by ∆χ2 = χ2 − χ2min = 2.3
and 6.17 respectively.
A. Type Ia Supernovae
Type Ia supernovae are very bright and can be ob-
served at redshifts upto z ∼ 1.4. They have nearly the
same luminosity which is redshift independent and well
calibrated by the light curves. Hence they are very good
standard candles.
The distance modulus of each supernova is defined as
µth(z) = 5 log10D
th
L (z) + µ0 , (18)
where the theoretical Hubble free luminosity distance
DthL in a flat universe for a model is given by
DthL (z, λi,Ωm0) = H0d
th
L = (1 + z)
∫ z
0
dz′
H(z′, λi,Ωm0) .
(19)
Above, dthL is the luminosity distance, H
is obtained from Eq. (15), and µ0 is the zero point
offset.
We construct the χ2 for the supernovae analysis after
marginalising over the nuisance parameter µ0 as [14]
χ2SN(λi,Ωm0) = A(λi,Ωm0)−
B2(λi,Ωm0)
C
, (20)
where
A(λi,Ωm0) =
∑
i
(µobs(zi)− µth(zi, µ0 = 0, λi,Ωm0))2
σ2µobs (zi)
B(λi,Ωm0) =
∑
i
(µobs(zi)− µth(zi, µ0 = 0, λi,Ωm0)
σ2µobs(zi)
C =
∑
i
1
σ2µobs(zi)
. (21)
(A should not be confused with the coefficient of the
V ∼ φ−2 potential.) µobs(zi) is the observed distance
modulus at a redshift zi and σµobs(zi) is the error in the
measurement of µobs(zi). The latest Union2.1 compila-
tion [10] of supernovae Type Ia data consists of the mea-
surement of distance modulii µobs(zi) at 580 redshifts zi
over the range 0.015 ≤ z ≤ 1.414 with corresponding
σµobs(zi). In our analysis we include the χ
2
SN given by
Eq. (20) in Eq. (17).
B. Baryon Acoustic Oscillations
Baryon acoustic oscillations (BAO) refers to oscilla-
tions at sub-horizon length scales in the photon-baryon
fluid before decoupling due to collapsing baryonic matter
and counteracting radiation pressure. The acoustic oscil-
lations freeze at decoupling, and imprint their signatures
on both the CMB (the acoustic peaks in the CMB an-
gular power spectrum) and the matter distribution (the
baryon acoustic oscillations in the galaxy power spec-
trum).
To obtain the constraints on our models from the BAO
we use the comoving angular diameter distance
dthA (z∗, λi,Ωm0) =
1
H0
∫ z∗
0
dz′/H(z′, λi,Ωm0) . (22)
The redshift at decoupling z∗ is obtained from the fit-
ting formula in Ref. [15] as 1090.29. 3 The dilation scale
DV [16] is given by
DthV (zBAO, λi,Ωm0) = H0
(
zBAO
H(zBAO, λi,Ωm0)
)1/3
×
(∫ zBAO
0
dz
H(z, λi,Ωm0)
)2/3
where H(z, λi,Ωm0) is obtained from Eq. (15). We con-
struct the χ2 for the BAO analysis as
χ2BAO(λi,Ωm0) =
∑
ij
(xi − di)(Cij)−1(xj − dj) , (23)
where xi =
dthA (z∗,λi,Ωm0)
Dth
V
(zBAO,λi,Ωm0)
are the values predicted by
a model, di is the mean value of
(
dobsA (z∗)
DobsV (zBAO)
)
from
observations given in Table 1 of Ref. [11], and (Cij)
−1 is
the inverse covariance matrix in Eq. (3.24) of Ref. [11].
We include χ2BAO in Eq. (17).
3 In calculating z∗ we have used the mean values of Ωb0h
2 and
Ωc0h2 from Planck+WP [12].
4C. Cosmic Microwave Background
The locations of peaks and troughs of the acoustic os-
cillations in the CMB angular spectra are sensitive to
the distance to the decoupling epoch. To obtain the con-
straints from CMB we utilise the shift parameter R from
Planck [12]. The CMB shift parameter R is given by
Rth(z∗, λi,Ωm0) ≡
√
Ωm0H20 d
th
A (z∗, λi,Ωm0) (24)
where dthA (z∗, λi,Ωm0) is given by Eq. (22).
The shift parameter R(z∗) from Planck observations is
1.7499± 0.0088 [12]. Thus we obtain χ2CMB as
χ2CMB(λi,Ωm0) =
(
1.7499−Rth(z∗, λi,Ωm0)
0.0088
)2
.
(25)
D. The observational Hubble parameter H(z)
The parameterH(z) describes the expansion history of
the Universe and plays a central role in connecting dark
energy theories and observations. An independent ap-
proach, regarding the measurement of the expansion rate
is provided by ‘cosmic clocks’. The best cosmic clocks are
galaxies. The observational Hubble parameter data can
be obtained based on differential ages of galaxies.
Recently, Farooq et al. have compiled a set of 28 dat-
apoints for H(z) data, listed in Table 1 of Ref. [13].
We use the measurements from Ref. [13] of the Hub-
ble parameter Hobs(zi) at redshifts zi, with correspond-
ing one standard deviation uncertainties σi, and the cur-
rent value of the Hubble parameter H0 = 67.3± 1.2 km
s−1Mpc−1 from Planck [12]. Then for H = H/H0
χ2HUB(λi,Ωm0) =
∑
i
(Hobs(zi)−Hth(zi, λi,Ωm0)
σHobs(zi)
)2
(26)
with Hth(z, λi,Ωm0) obtained from Eq. (15), and σHobs
obtained from σi and the uncertainty in H0.
IV. RESULTS AND DISCUSSION
In Figs. 1 and 2 we present the likelihood contours
after combining all the datasets for V ∼ φ±2 . We find
that for V ∼ φ2 the values of |λi| greater than 0.67 are
excluded at 2 σ confidence level whereas for V ∼ φ−2
the values of |λi| greater than 0.72 are excluded at 2 σ
confidence level. The best fit value for Ωm0 in both cases
turns out to be 0.3003 which is within the bounds on
Ωm0 by Planck [12]. The best fit value for λi is 0.0008
and 0.0009 respectively.
From Eq. (8),
λi = ∓2MP
φi
(27)
where ∓ refers to V = 12m2φ2, Aφ−2. For V = 12m2φ2,
|λi| < 0.67 implies we need |φi| > 7.2 × 1018GeV. For
V = Aφ−2, |λi| < 0.72 implies we need |φi| > 6.7 ×
1018GeV. Hereafter we take
|φi| > 7× 1018GeV (28)
for both potentials. One may obtain a similar bound
for the quadratic potential by equating the energy den-
sity in φ today, ρφ0 = (1/2)m
2φ20 ≈ (1/2)m2φ2i , with
Ωφ0 3H
2
0/(8piG), where one has assumed that the light
quintessence field has not evolved much since decoupling.
Then for Ωφ0 = 0.7 [12] and m <∼ H0 one gets
|φi| >∼ 5× 1018GeV , (29)
similar to the bound in Eq. (28). However, a priori
one would not necessarily expect similar bounds. While
using various observations to obtain the bound on φi in
Eq. (28), we do not need to use that the mass of the
quintessence field m ≤ H0.Given the current accuracy of
observational data we obtain an upper bound on λi of
order 1, and hence a lower bound for φi of order MP ,
which agrees with the simple estimate above. However
if, for example, more precise data in the future implies a
smaller upper bound on λi then the estimate of the lower
bound for φi will rise and will not match with the bound
in Eq. (29). We also point out that the estimate above is
only valid for a quadratic potential, while our approach
is more general. Thus only an analysis as above taking
into account various observations can give the relevant
bounds on φi.
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FIG. 1: The 1σ and 2σ confidence regions in the λi - Ωm0
plane for V = m2φ2/2, or Γ = 0.5, constrained by the
SN+BAO+CMB+HUB data. The two vertical lines repre-
sent the Planck bounds on Ωm0. The thick dot represents the
best fit values λi = 0.0008,Ωm0 = 0.3003.
5We note that the likelihood contours for both the
potentials look very similar. This indicates that the
datasets that we compare with are not able to distin-
guish between the different potentials under considera-
tion. We have confirmed that the plots of x, y, λ and Ωφ
as functions of a, for Ωm0 = 0.3 show variations between
the potentials, but the key parameter that is relevant for
comparison of the models with the different datasets is
H(z).
In Fig. 3 we plot ∆HV
H
against z, where ∆HV is the
difference in H(z) for the two potentials V ∼ φ±2 (the
denominator corresponds to V (φ) ∼ φ2), for different
values of λi with Ωm0 = 0.3. The relative difference
between the two potentials for λi = 1 reaches a maximum
of about 1% and is even smaller for the other considered
values of λi. The small relative difference is also seen
in Fig. 2 of Ref. [17]. This is because in the thawing
scenario the field does not roll much in its potential and
hence is not sensitive to the form of the potential.
In the inset of Fig. 3 we plot ∆Hλ
H
against z, where
∆Hλ is the difference in H(z) for λi = 1, 0.2 for V ∼ φ2
(the denominator corresponds to λi = 0.2), with Ωm0 =
0.3. Though the relative difference in H(z) is small for
different values of λi, the data does indicate a difference
in the likelihoods for different points in the λi − Ωm0
plane. This is because the SN and CMB datasets dis-
favor large values of λi. The SN data has a large num-
ber of datapoints while the CMB shift parameter is very
precisely measured and hence these datasets are more
sensitive to the variations in λi.
Thus far we have presented the results for V (φ) ∼ φ±2.
In Fig. 4 we present our results for bounds on λi for dif-
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FIG. 2: The 1σ and 2σ confidence regions in the λi -
Ωm0 plane for V = Aφ
−2, or Γ = 1.5, constrained by the
SN+BAO+CMB+HUB data. The two vertical lines repre-
sent the Planck bounds on Ωm0. The thick dot represents the
best fit values λi = 0.0009,Ωm0 = 0.3003.
ferent values of Γ as would be relevant for other poten-
tials. Our analysis has been carried out for discrete values
of Γ from 0 to 2, in intervals of 0.25. From Eq. (14), for
potentials of the form V = Aφn, where A is taken as real
and positive, n = 1/(1−Γ). Thus Fig. 4 includes poten-
tials with n = ±1,±2,±4 for Γ = 0, 2, 0.5, 1.5, 0.75, 1.25
respectively. In addition, we have obtained the bounds
for n = ±3 corresponding to Γ = 2/3, 4/3 respectively.
For fractional n, the form of the potential implies φ has
to be positive and so allowed values of λi = −nMP /φi
have the opposite sign of n. For integer values of n, if n
is odd, positivity of the dark energy potential energy im-
plies φ takes positive values. Therefore we presume that
φ takes positive values and project the corresponding val-
ues of λi in Fig. 4. To simplify the numerical analysis we
have taken Ωm0 to be 0.3. The 1σ and 2σ bound on the
parameter λi is not very different from what we obtain
in case of V (φ) ∼ φ±2. Thus again |φi| > O(MP ). We
mention that Γ = 1 corresponds to the case of the expo-
nential potential V = B exp(±b φ/φi) and the bound on
λi does not give a bound on φi due to the presence of the
undetermined constant b.
H Λ i =1 ,G = 0.5L
H Λ i = 0.5 ,G = 0.5L
H Λ i = 0.2 ,G = 0.5L
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FIG. 3: The relative difference in the Hubble parameter,
∆HV
H
, as a function of redshift z for V ∼ φ±2, with λi =
0.2, 0.5 and 1 (from bottom to top) and Ωm0 = 0.3. The
inset shows the relative difference in the Hubble parameter,
∆Hλ
H
, as a function of redshift z for λi = 1 and 0.2, for V ∼ φ
2
and Ωm0 = 0.3.
We now consider plausible values of φi that one may
obtain in an inflationary universe by considering a con-
densate of φ being generated due to quantum fluctuations
during inflation. A light scalar field of mass m (m≪ HI ,
where HI is the Hubble parameter during inflation) will
undergo quantum fluctuations during inflation. The fluc-
tuations are given by Eq. (7) of Ref. [18] (we presume
60. 0.25 0.5 0.75 1. 1.25 1.5 1.75 2.
0.0
0.2
0.4
0.6
0.8
1.0
G
 Λ
i¤
FIG. 4: The shaded region shows 1σ (blue) and 2σ(grey)
confidence regions in the |λi| - Γ plane constrained by the
SN+BAO+CMB+HUB data. Discrete values for Γ in steps
of 0.25 are considered here. Γ = 0, 0.5, 0.75, 1.25, 1.5, 2 corre-
sponds to V ∼ φ, φ2, φ4, φ−4, φ−2, φ−1 respectively. We have
taken Ωm0 = 0.3. In addition, we have also studied Γ values
of 2/3 and 4/3, corresponding to V ∼ φ±3.
HI does not vary during inflation)
〈δφ2〉 =
∫ aHI
aiHI
d3k
2pi3
|δφk|2 = 3H
4
I
8pi2m2
[
1− exp
(
−2m
2N
3H2I
)]
(30)
where N is the number of e-foldings of inflation. We
consider the case where m2N ≪ H2I . Then
〈δφ2〉 =
(
HI
2pi
)2
N . (31)
Ignoring an initial value of φ at the beginning of in-
flation, and any potential driven classical evolution, the
value of φ at the end of inflation is
φI = ±
√
〈δφ2〉 = ±HI
2pi
√
N (32)
The above discussion is in the context of a quadratic
potential, V = 12m
2φ2. For V = Aφ−2, and Aφn con-
sidered in Fig. 4, we presume that the potential is very
flat during inflation, and so Eq. (31) again describes the
evolution of φ.
After inflation φ will evolve in two ways.
• φ will evolve classically in its potential V (φ). Our
numerical analysis in Fig. 5 shows that the field
does not evolve much between decoupling and the
present epoch (less than 10 % for |λi| < 0.7).
We expect its evolution is slower at earlier times.
Therefore we may ignore the evolution of φ from the
end of inflation till decoupling. (For a quadratic
potential, m ≪ H0 ≪ HI and therefore the as-
sumption φi ∼ φI is obviously justified.)
• After inflation, modes of the φ field re-enter the
horizon (during the radiation and matter domi-
nated eras). These should no longer be considered
part of the homogeneous φ condensate at late time.
This can affect φ by removing φ fluctuations gener-
ated over the last 30-60 e-foldings of (electroweak
to GUT scale) inflation. But our constraint on N
below will be many orders of magnitude larger so
we can ignore this too in our use of Eq. (32).
The above discussion implies that we may take φi ≈ φI ,
i.e., we may assume that the field φ has not evolved much
from inflation till decoupling. From our analysis above
we have |φi| > 7 × 1018GeV for V ∼ φ±2. Then, from
Eq. (32), we get a lower bound on N as
N >
2× 1039GeV2
H2I
(33)
From the Planck bound on the tensor-to-scalar ratio,
HI < 9× 1013GeV [19]. Therefore we finally obtain
N > 2× 1011 . (34)
A similar bound will apply to the other power law po-
tentials V ∼ φn.
Combining Eq. (33) and the Planck bound on HI we
get H2I /N < 3× 1016GeV. For a quadratic quintessence
potential with m <∼ H0 ≈ 10−42GeV one sees that our
assumption that m2 ≪ H2I /N is highly feasible.
Ref. [20] also considers a dark energy condensate from
quantum fluctuations of the quintessence field during in-
flation. Their analysis is primarily in the asymptotic
limit m2N ≫ H2I of Eq. (30). They also consider
m2N ≪ H2I with an argument similar to that in the
paragraph following Eq. (28).
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FIG. 5: The fractional change in φ from decoupling to today
as a function of λi for V = m
2φ2/2 (Γ = 0.5, solid line) and
V = Aφ−2 (Γ = 1.5, dashed line). We have taken Ωm0 = 0.3
here. For |λi| < 0.7, the fractional change is less than 0.1, or
10%
V. CONCLUSIONS
In this article we have first numerically solved for the
evolution of the quintessence field φ in thawing models of
dark energy for potentials of the form V ∼ φ±2 and differ-
ent values of Ωm0 and λi = −(MP /V )dV/dφ = ∓MP /φi,
where φi is the field value at decoupling. From this
we obtain the Hubble parameter H(z), and the lumi-
nosity distance and angular diameter distance, as given
in Eqs. (15, 19) and (22) respectively. We then relate
them to the observations of type Ia supernovae data, the
baryon acoustic oscillations data, the cosmic microwave
background shift parameter and the observational Hub-
ble parameter data to constrain the values of λi and Ωm0.
The likelihood contours for the two potentials looks very
similar (due to similar H(z) behaviour) and in both the
cases we obtain |φi| > 7 × 1018GeV. We extend the
analysis to other potentials of the form V = Aφn and
obtain the bound on the initial value of the quintessence
field, assuming Ωm0 = 0.3. Once again, we find that
|φi| > O(MP ). We have then argued that φ does not
evolve much between the end of inflation and decoupling
and further considered a scenario where the field value at
the end of inflation φI is due to quantum fluctuations of
φ during inflation. This allows us to use the lower bound
on φi ≈ φI to constrain the duration of inflation – the
number of e-foldings N is constrained to be greater than
2× 1011, for HI < 9× 1013GeV.
The inflationary paradigm does not stipulate an upper
bound on N and so large values of N such as that re-
quired above are plausible. Large values of N are more
likely in large field inflation models as discussed in Ref.
[21]. However very large values of N can imply a large
variation (≫ MP ) in the inflaton field during inflation
which can be problematic if the inflationary scenario con-
stitutes a low energy effective field theory derivable from
some Planck scale theory [22]. On the other hand, one
can get a large value of N in eternal inflation scenarios
without a large net variation in the inflaton field [23].
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